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the local derivative of the concentration at the boundary
point is
dor _[o0, 90dr "
dg* ot | or dt
In the right-hand member the asterisk indicates that the
derivatives must be specified for the boundary point.

In view of the initial conditions © =1 (r = 0, £ > 0) and
£ = 0 (7 = 0), we have

0/9t=0 (& =0) (4)
The balance equation for the solute, going with eq 6, is
® _ 9 1+ 86
ar (L + mE)( + vO)

Expanding the right-hand member and using (4'), we
observe that

(3

(5

@0/ =-(1-m)/(1 + %) (&*=0) (6"
It follows from (6) that
de*/dT =1+  (*=0) (7

Substituting (4'), (6”), and (7’) into (3’) we obtain
de*/dgx = (1-m) (¢ =0) ®)
This initial value holds good irrespective of the presence
of a concentration effect. It is fulfilled by (2). If (2) were
to be augmented by a term of the order v;m§;, then con-

dition 8 could not be satisfied. On this ground we con-
clude that n = 2.
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ABSTRACT: A new method of analysis is proposed for determination of the average molecular weight of
a polymer sample, of its polydispersity, and of the thermodynamic characteristics of its solution. The method
involves only a single sedimentation equilibrium experiment in the ultracentrifuge and is applicable even
to highly nonideal solutions. It is based on the assumptions that (1) the distribution function of the polymer
sample is reasonably well described by the unimodal function of the Schulz-Zimm type and that (2) the
thermodynamic behavior of the solution obeys the same formula which was found useful for monodisperse
samples. The method yielded plausible results both for highly nonideal solutions of polystyrene samples with
a narrow distribution of molecular weights and for unfractionated samples of polyacrylamide with a broader

distribution.

Among the methods used for studying polymer solutions,
the method of sedimentation equilibrium is potentially the
most precise. Using interference optics, sapphire cell
windows, and an automated plate reader, we can, under

favorable circumstances, measure the profile (one hundred
and more experimental points) of concentration and con-
centration gradient within the cell with a precision of
1-2%. Why is then this method so rarely used for the
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characterization of polymer materials?

The reason is in the somewhat difficult analysis of the
experimental data. Both the polydispersity of the polymer
sample and the nonideality of the solution strongly influ-
ence the concentration profile. Even for ideal solutions,
i.e., for a case where the thermodynamic behavior of the
solution is supposed to be precisely known, the molecular
weight and its distribution may be obtained (with an im-
pressive precision) only when several equilibrium runs are
made.? The analysis becomes even more complicated
when moderately nonideal solutions are involved.? Such
measurements become extremely time consuming.

It is attractive to consider the feasibility of an analysis
of a single equilibrium run. We have shown that for a
monodisperse polymer the molecular weight and the
thermodynamic behavior over an extended concentration
region can be obtained with a good precision from a single
equilibrium run.*®* We have also shown that such an
analysis may be performed even on polydisperse samples,
provided that the molecular weight distribution is rather
narrow. In fact, we were able to estimate the polydispersity
parameter together with the thermodynamic data.®

Would it then be possible to obtain routinely the mo-
lecular weight, polydispersity, and thermodynamic data
from a single equilibrium run? Obviously, some assump-
tions must be made about both the polydispersity and
thermodynamic behavior. In this paper we show that we
may formulate such assumptions sufficiently broadly to
cover a rather large and important class of polymer sam-
ples, namely, those with a unimodal distribution of mo-
lecular weights.

Theoretical Analysis

In a previous paper® we have shown that the variation
of the local average molecular weight with the local con-
centration of polymer within the cell of the ultracentrifuge
at equilibrium is a unique function of the local polydis-
persity of the polymer. This relation was derived by as-
suming that the free enthalpy of mixing AG,;, for the
polymer solution might be written as

AGnix/RT =nIn ¢+ Xn;In ¢, + npg (1)

In the first part of the present analysis we show some
important consequences of this unique dependence. Then
we show that the relation is still approximately valid when
a more general relation is used for AGL;. In the latter part,
we suggest a convenient phenomenological expression for
the description of the thermodynamic behavior of highly
nonideal solutions. Finally, we combine all these elements
into a method for simultaneous evaluation of molecular
weight, polydispersity, and thermodynamic parameters
from a single sedimentation equilibrium experiment with
a highly nonideal solution of a polydisperse polymer.

In eq 1 n denotes the number of moles and ¢ the volume
fraction. The subscript s refers to the solvent, the subscript
i to an individual polymer component, and the subscript
p to a concentration variable summed over all polymer
components. RT has its usual meaning and P is pressure.
For simplicity, we neglect any changes of volume of mixing.
In the following, the symbol ¢ represents the concentration
in g/mL, p is density, V; is the molar volume of the ith
component, and M; is its molecular weight. The specific
volume v is the same for all polymer components. The
above quantities are related by relations 2-5.

¢; = n;V;/(nV, + Tn;V)) (2)
V,' = ML‘U (3)
¢; = e 4)
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(1-vp) = (1 - vp)g, 6)]

The function g in eq 1 characterizes the thermodynamic
behavior of the polymer solution. In our previous paper,®
we performed the calculations by assuming that, for a given
polymer sample, g is a function only of ¢, and is not in-
fluenced by the redistribution of molecular weights along
the column in sedimentation equilibrium experiments.

In that case, the chemical potential differences Ay; are
easily obtained by differentiating AG,,;; as

Aﬂs/RT =In #s + ¢p - Vs%(qsk/vk) + ¢p2X (8)
Awi/RT=In¢;+1- Vo, /V, + Vi%(d’k/vk) +
Vi¢52X/Vs (7)

X=8- ¢s(ag/a¢p)P,T (8)
X = g + ¢p(ag/a¢p)P,T (9)
Further differentiation yields

(Oui/dck)pr =
RT[Sp/c;+ Vu/ V- Vu/V, - 2F¢,Vu/ V] (10)

F=x+(¢,/2)0x/3p)pr = X — (¢:/2)(8X /3¢ )p T
(11)
Here, 6;, = 1 fori = k and 6, = 0 for i = k.
The condition for equilibrium in an ultracentrifuge for
each polymer component reads

M1 - vp)u?r = %(aﬂi/ack)P,T(dck/dr) (12)

where w is the angular velocity of the rotor and r is the
distance from the rotor axis. Substitution of eq 10 into
eq 12 yields
M1 - vp)w’ /RT = (1/c)(dc;/dr) +

(Viv/Vs)§[1 - Vs/Vk - 2F¢s](dck/dr) (13)

Substitution of eq 3 into eq 13 and slight rearrangement
leads to

ce;M;B(r) = dc;/dr (14)

B(r) = (1 - vp)w?r /RT -
v/ Vs)§[1 - Vi/ Vi - 2F¢,](dc, /dr) (15)

Obviously, the function B(r), while dependent on the local
composition of the solution, is common for all components
of the solute. Summation of both sides of eq 14 over all
polymer species yields

cpMyB(r) = de,/dr (16)
Multiplication of eq 14 by M; and summation yields
epMM,B(r) = Zd(e;M))/dr = d(c M) /dr

= M,(de,/dr) + ¢,(dM,/dey)(de,/dr)
an

During the derivation of eq 16 and 17 the usual definitions
of the weight-average molecular weight M, and of the
Z-average molecular weight M, were employed. Elimina-
tion of B(r) from eq 16 and 17 yields relation 18, which is

dinM,/dInc,= (M,/M,)-1=u  (18)

independent of the thermodynamic properties of the so-
lution. In our previous paper® we assumed that the pa-
rameter u defined by eq 18 does not vary along the solution
column. We now show that for one important type of the
distribution function of molecular weights, namely, the
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Schulz-Zimm distribution, the constancy of u follows from
the above analysis.

Integrating eq 14 from the meniscus (superscript m) we
get

c;=c™ exp[M,-J:B(r) dr] (19)

Switching now from a discrete distribution of molecular
weights to a continuous one (¢; — dc,; M; — M), we write
for the distribution of molecular weights at the meniscus
the Schulz-Zimm expression

¢ =dcy™ = ¢, ”[b**!/T'(z + 1)]M? exp(-bM) AM  (20)
b=+ 1)/M, 21)

In eq 20 I'(x) is the gamma function; the parameters z and
b as well as M, refer to the distribution at the meniscus.
The parameter z is a characteristic of the width of the
distribution; it is related to the parameter u as

u=1/(z+1) (22)
Substituting eq 20 into eq 19, we get
¢ = de =
¢, (b /T(z + 1M exp:—M[b - fr:B(r) dr]} aM

(23)

Obviously, the functional form of eq 23 is the same as the
form of eq 20. Specifically, the characteristic parameter
2 (and consequently u) remains the same for any position
in the cell, proving our claim.

What is now the relation of the distribution function at
arbitrary point in the cell to the original distribution
function of the whole polymer sample? While we were not
able to find a general answer, the answer proved to be
simple for one special case. Let us assume that the sed-
imentation equilibrium has been established at a rotor
velocity high enough so that concentration of all polymer
species at the meniscus is negligible. Let us also assume
that the polymer solution is pseudoideal; the concentration
profile of a component is not influenced by the presence
of other components and the higher virial terms are absent.
Then the concentration of the ith component in the cell
may be written as

¢; = ¢ exp[M;(1 - vp)w?(r® - (r*)2] /2RT] (24)

where the superscript b refers to the bottom of the cell.
Integrating over the volume of the sector-shaped cell, we
get for the total mass of the ith component in the cell, m;

i

m; = L ke dr
kRTC,‘b

Ml(l -~ ’-)ps)(‘-’2

(1 — 2
p[ Iﬁ(l—%;f;)w((r"“)2 - ()3 ]} (25)

where % is an inconsequential geometric factor. Under the
conditions of high-speed equilibrium, the exponential term
in eq 25 is negligible when compared to unity. Switching
now to a continuous distribution of molecular weights and
substituting for ¢;” = dc® the Schulz—Zimm expression as
in eq 20, we get

m; = dm =
cpb[b”l/I‘(z + DI[RRT /¥ (1 - vpg) | M* ! exp(-bM) dM
(26)
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Equation 26 represents the distribution of the original
sample. It is again of the Schulz-Zimm type. The char-
acteristic parameter z”= z - 1 of this distribution is smaller
than the corresponding parameter at an arbitrary point
in the cell: the distribution function of the original sample
is broader than that of the redistributed one.

For the more general case of nonideal solutions and
nonnegligible meniscus concentrations we expect the dif-
ference between the characteristic parameters for the local
and overall distribution to become even less while the
unimodal character will remain qualitatively the same.

In the above derivations we assumed that the interaction
function g does not change with the change of the mo-
lecular weight and/or its distribution. That assumption
implies that all the virial coefficients are independent of
molecular weight. While this may be a fair assumption
for the second virial coefficient, the third virial coefficient
is known to increase more or less proportionately to the
molecular weight. In the following paragraphs, we propose
a more realistic expression for the interaction terms and
we study what effect this change has on eq 18.

Let us assume that the expression for AG,;, has the form

AGmix/RT =n, In ¢, t+ zni In ¢ + nsz(pigi (27)

Here, each polymer species has a corresponding interaction
function g;. However, to keep the computation manage-
able, we assume that every g; is a function only of the total
concentration ¢,. The functions for different i’s are, of
course, different. Routine calculations now lead to the
expression

(Ou;/dc)pr = RTop/c; + (Vv / V) X
1-V/Vi-8 -0 + ;gj‘ﬁj + ¢(dg;/de,) +
¢s2(dgx/doy) - 3¢s>;¢j(d€j/ do,) + ¢s2§:¢j(d2gj/ d¢, A1}
(28)

Substitution of eq 28 into eq 12 yields, after some sim-
plifications

c,-M,-B’(r) = dci/dr - M,-x,-c,-(vZ/Vs) de/dr (29)

BAr) = (1 - vp)w?r/RT - (v¥/ V)i(dc,/dr) X
[1 - %gk‘pk - 3¢s%dgk/d¢p + ¢32§d2gk/d¢’p2] -

§(dck/dr)[vs/ Vk + der - ¢52 dgk/d¢p]} (30)
Xi = 8 — ¢,(dg;/déy) (31)

Summation of eq 29 over all polymer species yields
¢;M,B () = (de,/dn)[L - v/ V) EMxe]  (32)

while multiplication by M; and summation yields
MM B(r) =
(dep/dr)[ M, + ¢, dM,/dc, - (v /V)EM?2xc;] (33)
1

Elimination of B/(r) from eq 32 and 33 leads to
dlnM,/dInc, = (M,/M,) -1 -
W/ M V)L (M, - M)Mxc; (34)

If x; is independent of molecular weight, the last term in
eq 34 vanishes, reducing eq 34 to eq 18. For the estimate
of the significance of the last term of eq 34 we need to
estimate the dependence of x; on molecular weight. In our
previous paper® we found that for polystyrene in bromo-
benzene (a good solvent) x is decreasing linearly with M7,
More generally, let us assume
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X = oy~ BM7% (35)

For polystyrene in bromobenzene, v, = 0.7 and 8, is a
slowly decreasing function of concentration approximately
equal to 30. We expect that for poorer solvents 3, would
be less. Assuming again the Schulz-Zimm distri)i)ution,
we get after a straightforward but tedious calculation eq

36.
dln M,/dInc, = (z+ 1)1 +

(V¥ VB oM Moy, (z + DUz + 2 - v,) /T(z + 2)}]
(36)

The expression in braces in eq 36 is smaller than unity;
(z + 1)L = u. Thus, the effect of variation of x with mo-
lecular weight may be neglected if the product (v%/
VaB,cpM, 7> is sufficiently smaller than unity. The ap-
proximation gets worse with increasing molecular weight
and concentration. For polystyrene in bromobenzene, the
approximation still seems to be acceptable for M = 10° and
¢, <0.01 g/mL. For polymer—solvent systems which are
not so good thermodynamically, we expect the limits of
applicability to be still broader.

At this point we summarize the foregoing analysis as
follows: for those polymer samples which are reasonably
well described by the Schulz-Zimm distribution function
of molecular weights and are studied at appropriately low
concentrations, relation 18 with a constant value of u is
a fair description of the molecular-weight profile in the
sedimentation cell at equilibrium. Thus, under such cir-
cumstances, we may integrate eq 18 to obtain

M, = Kc* (37

Knowing from the experiment the distribution of con-
centration in the cell, we need only to find the two pa-
rameters K and u to be able to calculate both the molecular
weight and the polydispersity of the original sample.

We now try to analyze the effect of the nonideality on
the sedimentation equilibrium. Equation 16 or eq 32,
which describe the equilibrium at any location in the cell,
may be manipulated to vield

Ml = (1 - vpw?re,/(RT dey/dr) = My f(c,)  (38)

Here, M, is defined by the first part of eq 38; the function
f(c,) expresses the thermodynamic properties of the sys-
tem. The function f(c,) is related to the virial expansion
of the osmotic pressure of the polymer solution. For
monodisperse samples of polymers (subscript md), the
expression f(c,) reads

fmalep) = 1+ 24,Mpqc, + 8AMp4%c,2 + ... (39)

In our previous paper* we analyzed two special cases.
(i) When the nonideality of the sample is small, the
quadratic and higher terms in eq 39 may be neglected; the
plot of M, vs. ¢, is a straight line. (ii) For larger non-
idealities, the quadratic term is important. The third virial
coefficient may be described as

Az = vA?M g (40)

The parameter v frequently has a value close to /5. In
such a case, the first three terms of eq 39 form a full
square: the plot of M,,, 7Y/ vs. ¢, is a straight line. This
square-root plot provecf to be quite useful for our mea-
surements on polymers with a narrow distribution of
molecular weights, We have used it for the evaluation of
molecular weights and second virial coefficients.*” How-
ever, when we extended the measurement to still higher
concentrations (i.e., stronger nonidealities), the square-root
plot started curving downward.® In the same region of
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concentrations the plot My, vs. ¢, which was strongly
curved at low concentrations, was becoming linear again.
This behavior suggests that the function f4(c;) may be
approximated well in a broad region of concentrations by
an empirical relation

fmalep) = (1 + aMpgep)?/(1 + BMpqc,) (41)

The empirical parameters « and 3 are related to the second
virial coefficient as

Ay=a-(8/2) (42)

We now return to our analysis of a polydisperse polymer.
We postulate that the function f(c,) for a polydisperse
polymer may be written in analogy to eq 41 as

flep) = (1 + aMyc,)?/(1 + BMcy) (43)

To keep the number of adjustable parameters as low as
possible, we assume that for a particular sample the same
values of « and 8 are applicable at all locations in the cell.
Finally, combining eq 37, 38, and 43, we express the ex-
perimentally accessible quantity M,;, as

Mt = Kle, (1 + aKc,'*)2 /(1 + BKc,!™) (44)

app

When analyzing the experimental dependence of M,
on ¢, we will use a nonlinear least-squares fit to find the
values of the four adjustable parameters: K, u, «, and 8.
Once these parameters are known, the molecular-weight
averages of the original sample M,°" and M, may be
calculated from the relations

_ » »
M=K f,m e, dr/ fr"‘ cpr dr (45)

o b
M =K1 +w [ el dr/ L c,Mtur dr (46)

The integrals in eq 45 and 46 are computed numerically
from the experimental concentration profile. The poly-
dispersity factor of the original sample u® is given as

ut = M/ M, - 1 (47)

The second virial coefficient is calculated from eq 42. It
is also convenient to introduce a new characteristic pa-
rameter /. Thus, our analysis produces four values for
each sample: M,”, u®, A, and §/a.

Experimental Part

In this study we have reanalyzed the extensive experimental
data on polystyrene in bromobenzene reported in our previous
paper.® These experiments were performed on polystyrene sam-
ples with a rather narrow distribution of molecular weights
(samples from Pressure Chemical Co.). As an example of polymers
with a broader distribution function, we have analyzed the sed-
imentation equilibrium measurements on several samples of
polyacrylamide (kindly provided by Dr. Chmelir, from Chem.
Fabrik Stockhausen) in 0.2 M aqueous NaCL® For these solutions,
the value of v was found to be 0.687 mL/g.

Results and Discussion

As described in our previous papers,*® we have evaluated
the photographic plates from the sedimentation equilibria
to obtain M, and ¢, at more than one hundred points in
the cell. In this study we have tried to obtain from these
data the four parameters of eq 44: K, u, «, 8.

After many trials, we have developed the following
computer algorithm and we used it for all experimental
systems. 1. At the low-concentration end, the data were
cut off at a concentration selected with respect to the
appropriate refractive increment of the experimental
system. This concentration (expressed as the shift of the
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Table 1
Results of Least-Squares Analysis of Sedimentation Equilibrium for Two Samples of Polystyrene in Bromobenzene
col length, photo- -
sample mm graph 1072 M,°F uor 10%A, glo Pmax A, %
7h 4.2 1 37.5 0.030 7.52 0.140 2.4 1.5%
2 36.2 0.010 7.02 0.014 2.1 1.5%
3 40.6 0.074 9.18 0.637 2.6 2.5
b 11.5 1 37.5 0.023 7.47 0.080 11.0 1.0®
2 36.7 0.014 7.43 0.070 10.5 1.0°
3b 4,0 1 433.8 0.092 4,14 0.190 15.0 1.1
2 426.7 0.085 4.12 0.183 14.5 1.2
3 417.5 0.076 4.11 0.182 14.0 1.2
3b 114 1 297.4 0.005 3.89 0.085 60.0 6.0
2 309.0 0.018 3.88 0.089 62.0 7.0

¢ At concentrations less than 1 fringe, fluctuations up to 5% were observed.

Table II

Polystyrene in Bromobenzene:

Comparison of Present and Older Results Based on the Same Experiments

present results

older results manufacturers’ values

sample  1073M,,°* uor 10°4, 8l 1073M,,0F uor 10%4, M M. /M,
7b 37.3 0.025 7.54 0.08 35.9 0.010 6.38 37.0 <1.06
4b 114 0.000 5.43 0.13 116 - 0.015 5.08 110 <1.06
1c 182 0.000 4,69 0.06 184 0.015 4,43 200 <1.06
3b 426 0.084 412 0.18 392 0.07 3.17 390 <1.10

13a 830 0.24 4,16 0.39 702 0.17 2.97 670 <1.15
14b 1785¢ 0.58 2.77 0.15 2840 0.55 2.15 2000 <1.20

a (Jl_{‘,v/Mapp),mlx value was 80; A was 3%.

interference fringe) was 100 um for polystyrene in bro-
mobenzene and 200 um for polyacrylamide in 0.2 M
aqueous NaCl. For our instrument, one fringe was about
300 um. 2. The nonlinear least-squares fitting was applied
to the quantity M,,, . 3. Each experimental point (at
equal intervals along the radius of the cell) was given a
statistical weight proportional to M,,,. This choice gives
about the same significance to each experimental point
regardless of the shape of the M, vs. ¢, dependence. 4.
Negative values of u were not allpowed. 5. Neither were
allowed the values of 3/, which were negative or which
were larger than 0.9 (when the program tried to get 8/a
> 0.9, this quantity was set equal to zero).

By analyzing a large number of computer results, we
were able to formulate the rules governing the applicability
of our method of calculation.

1. A good estimate of the concentration at the meniscus
(bottom for polystyrene in bromobenzene) is imperative.
Such a good estimate could be obtained only when the
meniscus concentration was rather low (almost complete
depletion at the meniscus).

2. Description of a relatively smooth function, as is
M7 vs. ¢, is always good when it is fitted to a function
Wifil four adjustable parameters. Accordingly, we had to
establish a very rigid test of the fit. We describe the fit
by means of the parameter A = 6M,,,/M,,,, where M,
is the difference between the experimental and fitted value
of M, The value of A which we report is calculated for
the point where it achieves its maximum value. Even in
cases when the values of the parameters were grossly in-
adequate, A never exceeded 16%. In our experience, a
good fit is represented by values of A about 1%; only
occasionally were the values higher in the region of con-
centrations below one fringe. Experiments with A ~ 5%
are already inadequate; A > 8% represents a failure of the
fit.

3. The degree of nonideality of the sample proved to
be an important parameter of the fit. We are describing
it by the value rpay = (My/ Mypp)max, Which is measured at
the point of highest concentration. For r,, < 2 + 3, the
parameter § of eq 44 plays a negligible role and the com-

puter program returns the value 8/a = 0. For 3 <rp, <
4 + 5, the role of 3 is small; the program returns erratic
values of 8/a. Within the range 5 < rp,, < 25 + 30, the
values of the parameters vary only a little. For rp,, > 30
+ 40, eq 44 is no longer adequate; the value of A increases
and the returned parameters are unreasonable (M, is too
low; also B/« is low).

4. The precision of the parameter u® is £0.05 at best.
For polymers with a very narrow distribution of molecular
weights, u = 0.0 is frequently returned by the computer.

To illustrate these features, we present in Table I the
results for two samples of polystyrene in bromobenzene.
For each of the samples, two runs were analyzed: one in
a short column, in which the concentration was moderate
throughout the cell; the other in a long column, for which
the concentrations went up to 0.07 g/mL. For the low
molecular weight sample 7b the nonideality is still ac-
ceptable and both experiments yield the same values. The
higher molecular weight sample 3b gives an acceptable fit
in the short-column experiment; the too large nonideality
in the long-column experiment leads to unreasonable re-
sults.

In Table II we have collected the results of those ex-
periments on polystyrene in bromobenzene which were
reasonable by the above standards. We compare the re-
sults with those obtained in our previous study® in which
the method of evaluation was iterative and depended
heavily on the behavior in the region of lowest concen-
tration. The agreement for the lower molecular weight
fractions is very good. The present method yields slightly
higher molecular weight and polydispersity parameters for
the higher molecular weight samples. Comparable results
were also obtained when we reanalyzed the sedimentation
equilibria of the same samples of polystyrene in benzene®
and in mixed solvents.” In Figure 1, we present a typical
dependence of M, vs. c,, for the highly nonideal sample
3b. In Table III are compiled the detailed results for two
samples of polyacrylamide dissolved in 0.2 M aqueous
NaCl; each sample was measured twice. Figure 2 repre-
sents a typical dependence of M,,,? on concentration for
this system. It is apparent from 'li"able III that the fit is
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Table III
Results of Least-Squares Analysis of Sedimentation Equilibrium for Two Samples of Polyacrylamide in 0.2 M Na(l
photo- —
sample run graph 1073M,°F 10%4, 8l ‘max A, %
W25499 1 1 585 0.58 3.11 0.00 3.0 3.0
2 580 0.55 3.03 0.00 2.8 1.8
3 578 0.55 3.03 0.00 2.8 4.0
2 1 597 0.60 3.14 0.00 2.9 2.0
2 631 0.68 3.50 0.27 3.1 1.3
3 727 0.83 4.40 0.71 3.9 1.3
4 650 0.62 3.33 0.14 3.4 2.2
W25655 1 1 2863 0.54 2.76 0.18 8.5 1.1
2 2799 2.64 0.11 9.0 1.0
2 1 2728 0.59 2.91 0.27 8.0 0.4
2 2750 2.84 0.23 8.0 0.7
3 2513 2,75 0.20 6.5 1.0
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Figure 1. Dependence of Ma,?p‘1 on concentration (expressed as
the shift of the interference fringe in um) for polystyrene sample
3b in bromobenzene. Column length 4.0 mm, photograph 1. On
the scale of the plot, the experimental dependence and the fitted
one are indistinguishable.

usually very good. As the nonideality of our polyacryl-
amide solutions is not extreme, the results seem to be
significant even for samples with molecular weight in the
region of millions. While we cannot compare our data on
polyacrylamide with any other measurement, we find that
the values of the polydispersity parameter u° are quite
reasonable for an unfractionated polymer. Also the values
of the second virial coefficient A, and their relation to
molecular weight are rather reasonable.

It is obvious from Tables I and III that there is an ap-
preciable scatter of values obtained from different pho-
tographs (some of them taken immediately after each
other). This scatter is probably related to the fact that
we are extracting too many parameters (four) from a
smooth dependence. However, the data averaged for all
photographs (Table II) seem to be much more reliable.

Conclusions

In the theoretical part we have designed a method of the
analysis of the sedimentation equilibria of polymers in
highly nonideal solutions. The method is based on the
assumption that (1) the distribution of molecular weights
of the polymer sample is described reasonably well by the
Schulz-Zimm distribution function (eq 20) and (2) the
nonideality of the solution follows eq 41.

Despite the crudeness of these assumptions, the method
yielded plausible results both for highly nonideal solutions
of polymers with a narrow distribution of molecular
weights and for unfractionated samples with a broader
distribution.

The fit between the experimental dependence and the
fitted one gets worse when the nonideality of the solution
exceeds the limit of the applicability of the method.

Figure 2. Dependence of M,,,™ on concentration (expressed as
the shift of the interference tringe in um) for polyacrylamide
sample W25655 (run 2, photograph 2). On the scale of the plot,
the experimental dependence and the fitted one are indistin-
guishable.

Similarly, we got a poor fit when we tried to analyze a
mixture of two narrow fractions (i.e., the sample with
bimodal distribution). We find this feature very conven-
ient: a poor fit warns us that the assumptions of the
method have been violated and that the results are not
significant. Of course, it is also possible that some samples
with a broad unknown distribution of molecular weights
in a nonideal solution may give a good fit and still yield
incorrect results. On the other hand, a reasonable estimate
of the type of the distribution may be usually made if the
origin and/or history of the sample is known.

In summary, the method yields simultaneously reason-
able values of molecular weight, polydispersity, and second
virial coefficient, provided that the distribution of mo-
lecular weights can be reasonably described by the
Schulz-Zimm distribution function and that the conditions
of the experiment were selected as not to go into the region
of extreme nonideality.

Acknowledgment. The author is grateful to The
Robert A. Welch Foundation (Grant F-563) for financial
support of this study.

References and Notes

(1) Th. G. Scholte, J. Polym. Sci., Part A-2, 6, 91, 111 (1968).

(2) Th. G. Scholte, Eur. Polym. J., 6, 51 (1970).

(8) P.J. Wan and E. T. Adams, Jr., Biophys. Chem., 5, 207 (1976).

(4) P. Munk and M. E. Halbrook, Macromolecules, 9, 568 (1976).

(5) S.G. Chu and P. Munk, J. Polym. Sci., Polym. Phys. Ed., 15,
1163 (1977).

(6) S. G. Chu and P. Munk, Macromolecules, 11, 101 (1978).

(7) 8. G. Chu and P. Munk, Macromolecules, 11, 879 (1978).

(8) P. Munk, T. M. Aminabhavi, P. Williams, D. B. Hoffman, and
M. Chmelir, Macromolecules, 13, 871 (1980).



